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Cn I Abstract. Consider the stochastic differential equation in M'' 

where 6 : M'^ ^ R'^ is C^ such that {x,b{x)) < C(l + |a;p), a : R'^ ^ M{d x n) 
is locaUy Lipschitzian with hnear growth, and Bt is a standard Brownian motion 
Q/ ' taking values in R". Freidlin-Wentzell's theorem gives the large deviation principle 

p I . for X'^ for small e. In this paper we establish its moderate deviation principle. 
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1. Introduction and main result 
Consider the stochastic differential equation 



^ . j dX^ = h{Xt)dt + ^ea{Xt)dB,- 

n: ] x^, = xo, ^'-'^ 

O I where Xq G M'^ is the starting point, 6 : M*^ — >■ R"^ is the macroscopic vector field, 

cr : M*^ — ^ A^((i X n) (the space of all real d x n matrices) and (Bt) is the standard 

Brownian motion taking values in R" defined on some well filtered probability space 

- i^,J^, (J^t),^)- We always assume 

rS I (H): a is locally Lipschitzian, b is C^ and there exists some positive constant C 

d ' such that 

max J tr(afT*(x)), (x, h{x)) \ <C{1 + \x\^), Vx G R'^. 



Here (x, y) = x ■ y is the Euclidean inner product and |x| := ^J (x,x). 

The stochastic differential equation (11.11) has a unique non-explosive solution de- 
noted by X^ (see [lO]). Given T > 0, when e goes to 0, sup^^jQ^] \Xl — X^\ -^ 
in probability, where X^ is the solution of ordinary differential equation (the non- 
perturbed dynamical system) 

dX^ = hiX^)dt- 
X^-x ^'-'^ 

Aq — Xq. 

Let C([0,T],R'^) be the Banach space of continuous functions 7 : [0,T] — )■ R'' 
equipped with the sup-norm ||7|| := supjgjo,r] |7(^)I- ^^^ ^ precise asymptotic esti- 
mate of deviations of X^ from the dynamical system X°, Freidlin-Wentzell's theorem 
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(see |6l[71|9]) tells us that {Xf} satisfies the large deviation principle (LDP in short) 
on C([0,T],]R'^) with the good rate function given by 

Ild{i) = \j {{aa*{^,))-\^t-b{^t)),it-b{^t))dt, (1.3) 

if 7 is absolutely continuous with 7(0) = xq, and 1(7) = +00 otherwise. In the 
expression above, {A~'^x, x) for a symmetric non-negative definite (not necessarily 
positive definite) matrix A E A4.{d ^ d) is defined by 

d 

(A-V,x):=^-(x,e.)' (1.4) 



fc=i 



with the convention c/0 = +00I00 for c > 0, where (e^) is the orthonormal base of 
eigenvectors associated to the eigenvalues (A^) of A. Freidlin-Wentzell's theorem is 
a significant generalization of Schilder's theorem for Brownian motion ([13]), and it 
was usually proved under the global Lipschitz condition on a, h. It still holds under 
the weaker condition (H) above by Lemma [3.11 below (this is more or less known). 
Extensions of the Freidlin-Wentzell theory attract many recent studies. We men- 
tion here only 

1) Boue-Dupuis [2] provided a new variational approach for the large deviations of 
Brownian functionals. Their beautiful approach turns out to be simple and efficient, 
even in the infinite dimension case (|11]). 

2) The vector field h has some jumps. Chiang and Sheu [5] obtained its LDP with 
a completely different rate function related to the large deviations of local times. 

3) Extensions to infinite dimension diffusions such as stochastic partial differential 
equations (SPDE's in short). See [21 HJ [HI [12] and references therein. 

Quite surprisingly the problem of moderate deviation principle (MDP in short) 
for {Xf}jg[o,T] was left open (up to our knowledge). That is the subject of this 
paper. More precisely, we shall study the asymptotic behavior of 

"ye ve vO 

Vt--=j;f-y with F/:=^^, (1.5) 

where 

h{e)^ + 00 and \/eh{e) — )■ 0, as e — )• 0. (1.6) 

Through this paper we always assume that h{£) satisfies (II. 6p . 

Theorem 1.1. Assume the condition (H). Then as e — t- 0, 

(1) (CLT) Y^ = (y/)tg[o,T] converges in probability on C([0, T], W^) to the Gauss- 
ian Ornstein-Uhlenbeck process Y^ , determined by 

dY,' = Db{X^)Y,'dt + a{Xf)dBt; 



where Db = i-£r-b^)i<i,j<d is the Jacobian matrix ofb. 
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(2) (MDP) 7]' = (^1^) obeys the LDP on the space C([0,T],M'^) with 

speed h'^{e) and with rate function 

Hi) = lj\iaa*iX^))-\^,- DbiX^H),^,- DbiX?H)dt, (1.8) 

z/7 is absolutely continuous with 70 = 0, and 1(7) := +00 otherwise, where 
the definition ^1.4\ ) is used in the expression above. More precisely, for any 
Borel measurable subset A o/C([0,T],R'^), 

- inf 1(7) < \immih''^(e)\ogF(r]' G A) 

7eA° e-s-O 

< lim sup h~'^{e) log P (r^^ G A) < - inf 1(7), 

e-s>0 7eA 

where A° and A denote the interior and the closure of A, respectively. 

The paper is organized as follows. An outline of the proof of Theorem 11.11 is 
presented in the next section. In section 3 we first prove that under the assumption 
(H), X^ is bounded in the sense of Freidlin-Wentzell's LDP, so we reduce our study 
to the case where a and b are globally Lipschitzian. The details of the proof are 
given in Section 4, with the help of Talagrand's transportation inequality on path 
space established in [8] and measure concentration [HElIllj- 

2. An OUTLINE FOR THE PROOF OF THEOREM 11.11 

Obviously 






satisfies 



rfF/ = ^(6(X|) - b{X^))dt + a{Xt)dBt. 



As X^ is close to X^, we have intuitively 

dr/ ^ Db{X^)Y^'dt + a{Xf)dBt, 
in other words V^ should be close to Y^ determined by (11.71) . As 

,1)) - «'(^'°' (|y) * - !§"''• 

then by Schilder's theorem (together with the contraction principle) or Freidlin- 
Wentzell's theorem, Y^/h{6) obeys the LDP with the speed h'^{e) and the rate 
function 1(7) given by (II. Sp . Hence by [6, Theorem 4.2.13], for the MDP in Theorem 
11.11 it is enough to show that rj'^ = Y'^/h{e) is /i^(e)-exponentially equivalent to 
Yyh{e), i.e., 

limsup/i"2(e)logP( Ih^-— -II > 6] = -00, V(5 > 0. (2.1) 

£-^0 V K^) J 

This turns out to be quite difficult and we shall prove it under the global Lipschitz 
condition, by means of Talagrand's T2-transportation inequality on path space es- 
tablished by Djellout-Guillin-Wu |S] and the corresponding concentration inequality 
(Bobkov-Gotze's criterion [T]), in the last section. 
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3. Reduction to the global Lipschitzian case 

At first, we shall prove that under the assumption (H), X^ is bounded in the 
sense of LDP. For any -R > 0, let 

r^ := inf{t; \Xt\ > R}. 

Lemma 3.1. Under the assumption (H), 

lim lim sup e log P (r|. < T) = — oo. 

Proof. Let f{x) = log(l + \x\'^). By Ito's formula, 

df{X^) = {^eVf{Xl),a{Xl)dB,) + (6(X,^), V/(X,^))rft + | 5^K*),,(X,^)^-^/(X,^)rft 

= {V^Vf{X^),a{X[)dBt)+C^f{X!)dt, 

where C^ is the generator of X^. 
Consider the local martingale 

M! = y^ [ {VfiX!),aiX!)dB,). 
Jo 

By the linear growth of a in (H), its quadratic variation process (M^) satisfies 

{M% = e [ |a(X|)*V/(X|)|2rfs < AeCt. 
Jo 

Notice that for all e G (0, 1], 



etr{(T(T*{x)) + 2{b{x),x) 2|xp 

1 + licP (1 + Ixl 






where C is the constant in (H). Consequently for allt > and e G (0, 1], 

fiXn<f{xo) + M,' + 3Ct. 

Foranyi?> large enough so that c(i?, T) := log(l+i?2)_[log(l + |a;on+3CT] > 0, 
we have by the Bernstein inequality for continuous local martingale, 

P(r^ < T) = P I sup |X,"| > i? I = P I sup f{X[) > log(l + R^ 
< P I sup \M^\ > c{R,T) 1 < 2exp ■• ^^^'^^ 



te[o,r] J I 8eCT 

where the desired result follows. D 

Now for any R > large enough so that c{R,T) > 0, let a^^\x) = a(x) and 
b^^\x) = b{x) for a; G M'^ with \x\ < R, such that a^^^ is globally Lipschitzian and 
bounded, and b^^^ is C^ with Db^^^ uniformly continuous and bounded. Consider 
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the solution X^' of the corresponding stochastic differential equation (11 .ip with 
{a, h) replaced by (cr*-^-*, h^^^). We have by Lemma [3. II and the proof above, 



limsupelogP (xi ^ X^'^ for some t e [0,T]) 

ciR,Tf 



<limsup£logP(r^ < T) < 



£^0 



8CT 



Hence by the approximation lemma ([S]), Freidlin-Wentzell's theorem still holds 
under the weaker condition (H) (as claimed in the Introduction); and (X^— X°)//i(e) 
and (X^'^ - X^)/h{e) obey the same LDP by P Theorem 4.2.13]. 

In other words considering (o"*^^-*, fe*^-^^) if necessary, we may and will suppose that 
(L) h is C^ with Db uniformly continuous and bounded on M'', and 

hr[{cj{x) - a{y)){a{x) - a(y))*] + {x-y, b{x) - h{y)) < L\x - y\\ (3.1) 

for some constant L G M and for all x, y G M'^, and tr{aa*) < M for some positive 
constant M. 

When L < 0, condition (13. ip means that the diffusion is dissipative and it is 
equivalent to Bakry-Emery's r2 condition if o" = v2Id {Id being the identity matrix 
in M{d X d)). 



4. Talagrand's inequality and Proof of Theorem 11.11 
4.1. An L^-estimate for V^. 

Lemma 4.1. Under the assumption (L), V^ = {X^ — X^)/ y/e satisfies 

E|r/|2 < M(e^^*-1)/2L, t>0. (4.1) 

Proof. Under the assumption (L), by Ito's formula, 

d\Xt - X,Y = 2{Xl - Xl h{Xl) - h{X',))dt 

+ 2{Xl - X°, y/ea{X^)dBt) + etT{aa*){X't)dt 
< 2L\Xl - X°pdt + eMdt + 2{XI - X°, ^a{Xl)dBt). 

Hence 

E|Xf - X°p <2L I E|X| - X^^\^ds + eMt. 
Jo 

By Gronwall's inequality, we have 

E|X,= - X,Y < / e^^^'-'hMds = eM{e^^' - l)/2L, 
Jo 

which implies the desired result by the very definition oiV^. D 
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4.2. Talagrand's T2-transportation inequality. First we shall introduce some 
useful notions and notations (see Villani [13] for an extensive study of such quanti- 
ties). Given a metric space {E, d) equipped with its Borel a field, and 1 < p < +oo, 
the L^-Wasserstein distance between two probability measures /x and v on E \s 

defined as 

_i/p 

Wp{fi,u) := inf ( / / d{x,yYdiT{x,y) 

where the infimum runs over all couplings vr of (/i, u). 

A probability measure /i is said to satisfy Talagrand's T2-transportation inequality 
T2{Ct) on {E,d), where Ct > is some constant (here the index T is referred to 
Talagrand) , if for all probability measure u 

W2{u,fif<2CTH{u\fi), 

where H{v\^) is the Kullback-Leibler information or relative entropy of v with re- 
spect to yu: 

l+oo, otherwise. 

Now let /i = P"^, the law of X"^ = (X^^)tg[o,T]5 which is also a probability measure on 
the Hilbert space 

E = L^([0,r];M'^) = lif:[0,T]^R'^ measurable ; Hy^H^ = / \f{t)\'^dt < +cx) l 

(up to (it-equivalence), equipped with the metric d2{^Pi,y:>2) '■= ll'Pi — V^2||2- By 
Djellout-Guillin-Wu [S^, (5.5) and Remark 5.9], we have 

Lemma 4.2. Assume that a, b are locally Lipschitzian, a is bounded and i\3. 1\) holds. 
Then for any e e (0,1], the law P^ of X^ = {Xf)te[o,T] satisfies on (L2([0,T]; M^), ^2) 
Talagrand's T2-inequality T2{eCT), where 

II 112 C (<5+2L)T _ ^^ 

Ct = " "°°^ ^ (4.2) 

with 5 > arbitrary, - — ^ ^^~ ' := T if S + 2L = (this type convention will be used 
later too) and ||cr||oo = sup^g^d^^gRnj^^i^i |cr(x)2;|. 

Note that ||cr||oo < A/sup^jgi^d tT{aa*{x)) < a/M. 

Next we use this key lemma to get the following crucial measure concentration 
inequality. 

Lemma 4.3. Assume that a, b are locally Lipschitzian, a is bounded and ( [5*. 1\} holds. 
Then for any e G (0, 1] and r > 



2Ci 



Pl(/ \Y^'\^dt] -E( / |F/pt/t) >r|<exp{ — ^}, (4.3) 



'0 / \Jo 

where the constant Ct is given in (OT^ 
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Proof. Since ||1^^||2 = ^{X^) where $(</?) = ||(v^ — X^)/^/e\\2 is Lipschitzian on 
(L^([0, T]; M.'^), ^2) with the Lipschitzian coefficient l/y/e, the concentration inequal- 
ity (14. 3 p follows from Lemma 1121 by Bobkov-Gotze's criterion [1], Theorem 3.1]. D 



Remark 4.1. The concentration inequality (14. 3 p is of important independent interest. 
If the diffusion is dissipative, i.e. L < in condition (13. ip . by setting S = —L in 
(14. 2p . we see that Talagrand's constant 

|2 



^ ,|cr 






which is independent of T. Notice also for the bias of X^ from X° in L^, we have 
E/(f |Xf -XOpdt = £/o^ |>^/Pt/t < €MT/{2\L\) (by dH])). For other concentration 
inequalities which can be derived from Talagrand's T2-inequalities, see [8| [T^. 

4.3. Proof of the MDP in Theorem 11.11 As explained in §3, we may and will 
assume the condition (L). For the MDP in part (2), by what is said in the outline of 
proof in §2, it is sufficient to show that Y'^ /h{e) and Y^ /h{e) are /i2(£:)-exponentially 
equivalent, i.e. (12. ip . 
We start by observing 

rf(y/ - r,°) = Dh{X',){Y: - Y,')dt + {a{Xl) - a(XO)) dB, 

+ ^ {h{Xl) - b{X^) - Dh{X',){Xl - XO)) dt (4.4) 



-:DbiX?){Y,^-Yl>)dt + dZ', 



where 

Zt = f (a(X:) - a(X°)) dB, + 4= /* iKK) - KX's) - Dh{X',){Xl - X°)) ds. 
Jo v^ Jo 

The solution of (14. 4p is given by 

r/ - Yl> = Zl+ f Dh{X',)J{s,t)Zlds, 
Jo 

where J{s, t) satisfies the matrix differential equation 

J(s, s) = Jrf, ^ J(s, t) = Db{X^)J{s, t), 0<s<t. 

Since {Db{x)y,y) < L\y\'^ {y E M'^) by condition (13. ip . we have 

|J(s,t)i/|<e^(*-^)|l/|, \fyeR''. 
Setting ll-D&lloo := sup(^_^)g(Rd)2j^|=i \Db{x)z\, we get for all t e [0,T], 

\Yt' - Y,'\ < \Zl\ + f^ \\Dh\Ue^^'-^\Zl\ds < [l + \\Dh\\J^^^^^^ \\Z% (4.5) 

From (14. 5 p we see that the desired MDP-equivalence ( 12. ip between Y^ /h{e) and 
y° //;.(£:) follows from 

Proposition 4.4. For any r > 0, 

f\\Z'\\ \ 
limsup /i~^(e) logP I , . > r I = —00. 
£^■0 V h[e) J 
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Proof. Notice that 

\Zn < I r (cr(Xf) - a(X°)) dB,\ + f 1^ (biX!) - h{Xl) - Dh{X',){Xl - X°)) \ds 
Jo Jo v^ 

=: mi + f ^1 {h{Xt) - 6(X°) - Dh{X',){Xl - X°)) \ds. 
Jo v^ 

(4.6) 

Next we estimate the last two terms. 

(a) For the continuous martingale M^, let {M^)t be its quadratic variation process. 
For any ?] > 0, 

P ( sup |M,"| > —^] < P ( sup \MI\ > ^-4^, {M')t < ri] +P( (M")t > r]] 

\0<t<T 2 / \0<t<T 2 J \ J 



<2exp^-^^^^[>+P((M^)T>r^). 



Since 

-T 



{M^)r = I tr(a(Xn - a{X',)){a{Xt) - a{X^)rdt 
Jo 

<Li f \X^ - X°pdt = eLi I ir/l^dt 
Jo Jo 



(4.7) 



(4i 



for some constant Li. When e is small enough, by Lemma [4. II 

1 , . 1 



r-T 

E ( / \Yf\'dt 1 < 



.,2^.\^/i r n V 



* ' "7 " 2 V^^i 



Then it follows from Lemma [4.31 

r-T 



P((M^)t >r7) <P( /" |F/prft>— J 



/•T \ i 

/ yt'dt] - 

Jo J 


/ 

-E 
\ 


Jo J 2 




V 1 









< p 



o^Cf-Li 



Noting that eh'^{e) — )■ as e — ?■ and r^ > is arbitrary, we obtain by (14. 7p 



limsup/i"^(e)logP sup \M^\ > -^ = -oo. (4.9) 

e-s-O Vo<t<l 2 J 

(b) Because 6 is C^ and D6 is uniformly continuous, for any ?; > 0, there exists 
some constant 6 > 0, such that 

16(2;) — b{y) — Dh{y){x — y)\ < rj\x — y\, if \x — y\ < 5. 

When |Xf-XO| < 5, 



^\h{Xl) - 6(X°) - Dh{X',){Xl - X°)| < ^\Xl - X°| = r^lF, 
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Thus 

T 



(4.10) 



<F{\\X'-X'^\\>6)+f( f |F/|dt>^^y 

By Freidlin-Wentzell's theorem, 

hmsupelogP(||X"-X°|| > 5) < 0, 

e-s>0 
SO 

hmsup/i"2(e)logP(||X^-X°|| > 5) = -cx). (4.11) 



e-s>0 



When e is small enough, IE ( J |y/pdtj < . L by Lemma 14.1 [ Therefore by 
Cauchy-Schwarz inequality and Lemma 14. 3[ we have 







2^ / \\Jo J 27]VT 



r h\ey 

Due to the arbitrariness of rj, plugging (14. lip and (I4.12p into (I4.10p we obtain 

limsup/.-2(e)logP (^£ i=| (6(Xn - biX^) - Dh{X',){Xt - X°)) \dt > ^) 

= — oo. 

(4.13) 
The desired result follows from (iS]), (iSD and dHSJ. □ 

4.4. Proof of the CLT in Theorem 11.11 This is much simpler. We may assume 
(L) by Lemma [3.11 For the CLT in part (1) of Theorem I l.H by (14. 5 p it suffices to 
show 

limP(||Z^|| >r) = 0, Vr > 0. (4.14) 

Using (14. 6 p and observing 

E||M^f < 4E(M^)t < eLi^ [ |F/|^rft -^ 0, 

Jo 

by Doob's maximal inequality, (14. 8 p and Lemma [4. 1^ we are led to show 

P (^ i=| {b{X^) - b{Xf) - Dh{X',){Xt - X°)) \dt > r^ ^ 0, as £ ^ 0. 

This is obvious from (I4.10p by taking there h{e) = 2 and the boundedness of 
Ef^ \Yt'\'^dt,e G (0, 1] in Lemma O □ 
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Remark 4.2. It would be important and very interesting to generalize the MDP of 
this paper to infinite dimensional diffusions such as SPDE's. 
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